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ABSTRACT. In this paper, we extend the work of our previous paper "Bounds on monotone switching networks 
for directed connectivity" by further analyzing the monotone space complexity of directed connectivity. In 
particular, we analyze the monotone space compexity of directed connectivity for a variety of input graphs, not 
just minimal YES-instances. We show that the monotone space complexity of input graphs with a very large 
number of lollipops (vertices v for which there is an edge from s to v or an edge from v to t) is low by giving a 
randomized monotone generalization of Savitch's algorithm which uses a parity argument. This gives us upper 
bounds for both monotone switching networks and monotone circuits. We then give lower bounds on monotone 
switching networks for directed connectivity which are tight whenever the input graph is acyclic and does not 
have any vertices v which are connected to a large number of other vertices by short paths. 
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1. Introduction 



L versus NL, the problem of whether non-determinism helps in logarithmic space bounded computation, 
is a longstanding open question in computational complexity. At present, only a few results are known. It 
is known that the problem is equivalent to the question of whether there is a log-space algorithm for the 
directed connectivity problem, namely given an n vertex directed graph G and pair of vertices s, t, find 
out if there is a directed path from s to t in G. Savitch [18 ] gave an 0(log 2 n) -space deterministic al- 
gorithm for directed connectivity, thus proving that N S PAC E(g(n)) C DSPACE((g(n) 2 )) for every 
space constructable function g. Immerman [8 ] and Szelepcsenyi ETI independently gave an 0(log n)-space 
non-deterministic algorithm for directed non-connectivity, thus proving that NL = co-NL. For the prob- 
lem of undirected connectivity (i.e. where the input graph G is undirected), a probabilistic algorithm was 
shown using random walks by Aleliunas, Karp, Lipton, Lovasz, and Rackoff [lj, and Reingold ifTTl gave a 
deterministic 0(log n)-space algorithm for the same problem, showing that undirected connectivity is in L. 
Trifonov [22] independently gave an O(lgnlglgn) algorithm for undirected connectivity. 
So far, most of the work trying to show that L ^ NL has been done using the JAG model or the branching 
program model. The JAG (Jumping Automata on Graphs) model was introduced by Cook and Rackoff [01 
as a simple model for which we can prove good lower time and space bounds but which is still powerful 
enough to simulate most known algorithms for the st-connectivity problem. This implies that if there is 
an algorithm for st-connectivity breaking these bounds, it must use some new techniques which cannot be 
captured by the JAG model. Later work in this area has focused on extending this framework to additional 
algorithms and more powerful variants of the JAG model. Two relatively recent results in this area are the 
result of Edmonds, Poon, and Achlioptas [5 ] which shows tight lower bounds for the more powerful NN- 
JAG (Node-Named Jumping Automata on Graphs) model and the result of Lu, Zhang, Poon, and Cai ifTTll 
showing that Reingold's algorithm for undirected connectivity and a few other algorithms for undirected 
connectivity can all be simulated by the RAM-NNJAG model, a uniform variant of the NNJAG model. 
Ironically, the branching program model was originally developed as a way to make more efficient switching 
networks. In the early 20th century switching networks were used for practical applications, so the research 
focus was on finding good ways to construct switching networks for various problems. For example, see 
the pioneering papers of Shannon [19], [20]. Lee [10] developed the branching program model as a way 
to easily construct switching networks, as if we have a branching program for a problem, we can make a 
switching network for that problem simply by making all of the edges undirected. Masek [12] showed that 
the branching program model could be used to show space lower bounds and there has been a lot of research 
in this direction ever since. For a survey of some of the many results on branching programs, switching 
networks, and a related model, switching-and-rectifier networks, see Razborov [16]. 

In Potechin lfl3l . we explored trying to prove L ^ NL using the switching network model. In particular, 
we used the switching network model to separate monotone analogues of L and NL. While our techniques 
were very different, this result fit in very well with existing knowledge. Indeed, the separation of the mono- 
tone analogues of L and NL in Potechin [ 13] was proposed as open problem 2 of Gringi and Sipser [6] and 
was also proposed as open problem 4 of Razborov lTT6l . 

In this paper we extend the work of Potechin [13 ] by using the switching network model to further anaylze 
the monotone space complexity of directed connectivity. In particular, we analyze the monotone space com- 
plexity of directed connectivity for a variety of different input graphs, not just the minimal YES-instances 
(graphs with just a path from s to t and no other edges). Our motivation for doing this is twofold. First, it is 
a fascinating question on its own. Second, doing so allows us to hone our techniques for other problems and 
hopefully for non-monotone analysis. The techniques in Potechin |[T3l were extended by Chan and Potechin 
to give monotone space and circuit depth lower bounds for the generation and k-clique problems and the 
techniques in this paper can almost certainly be extended to other problems as well. 

It should be noted that while monotone complexity theory is a very rich field and researchers have had great 
success in separating different monotone complexity classes, this exploration of the monotone space com- 
plexity of particular inputs is very different from most previous work on monotone complexity. Razborov 
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|[T6l used an approximation method to show that any monotone circuit solving the k-clique problem on n 
vertices (determining whether or not there is a set of k pairwise adjacent vertices in a graph on n vertices) 
when k = [~^r] must have size at least n n ^ gn \ thus proving that mP / mNP. This method was later im- 
proved by Alon and Boppana [2] and by Haken [7]. Karchmer and Wigderson [9] showed that any monotone 
circuit solving undirected connectivity has depth at least S7((lgn) 2 ), thus proving that undirected connec- 
tivity is not in monotone- NC 1 and separating monotone- NC 1 and monotone- NC 2 . Raz and McKenzie 
lTT4l later separated the entire monotone NC hierarchy, proving that monotone- NC ^ monotone-P and for 
any i, monotone-iVC* ^ monotone-iVC 4+1 . All of these results were proven by looking only at minimal 
YES-instances and maximal NO-instances. This paper is one of the first in monotone complexity theoiy to 
analyze other YES-insances as well. 

1.1. Definitions. We recall some key definitions from Potechin |[T3l . 

Definition 1.1. A switching network for directed connectivity on a set of vertices V{G) U {s, t} with distin- 
guished vertices s,t is a tuple < G', s', t', p,' > where G' is an undirected multi-graph with distinguished 
vertices s',t' and is a labeling function giving each edge e' £ E(G') a label of the form v\ —> V2 or 
-i(i>i — > V2)for some vertices vi,V2 £ V(G) U {s, t}. 

We say that such a switching network is a switching network for directed connectivity on n vertices, where 
n = \V(G)\, and we take its size to be n' = \V{G')\ (where s' ',t' V(G')). A switching network for 
directed connectivity is monotone if it has no labels of the form —i(vx —> V2). 

Remark 1.2. We exclude s and tfrom V(G) because we very often need to refer to all of the vertices of G 
except s and t. We exclude s' and t' from V(G')for consistency. 

Definition 1.3. We say a switching network G' for directed connectivity on a set of vertices V(G) accepts 
an input graph G if there is a path P' in G' from s' to tf such that for each edge e' E E(P'), p!{e!) is 
consistent with the input graph G ( i.e. of the form efor some edge e € E(G) or ^efor some e £ E(G) ). 
We say a switching network for directed connectivity is sound if it does not accept any input graphs G on 
the set of vertices V(G) which do not have a path from s to t. 

We say a switching network for directed connectivity is complete if it accepts all input graphs G on the set 
of vertices V(G) which have a path from s to t. 

If G' is a switching network for directed connectivity on a set of vertices V(G), then we say that G' solves 
directed connectivity on V(G) if G 1 is both complete and sound. 

Definition 1.4. Given sets I a, Ir of input graphs on a set V(G) of vertices with distinguished vertices s, t 
where each graph in I a contains a path from s to t and each graph in Ir does not contain a path from s to 
t, let m(lA, Ir) be the size of the smallest monotone switching network for directed connectivity on V(G) 
which accepts all of the input graphs in I a and does not accept any input graph in Ir. 

In this paper, we will always take Ir to be the set of all input graphs which do not contain a path from s to 
t. In other words, we assume that the switching networks we analyze are sound. In this case, we have the 
following definition: 

Definition 1.5. Given a set I of input graphs on a set V(G) of vertices with distinguished vertices s, t where 
each graph in I contains a path from s to t, let m(I) be the size of the smallest sound monotone switching 
network for directed connectivity on V(G) which accepts all of the input graphs in I. 

Definition 1.6. Given an input graph G, define m(G) = m({a(G) : a G >SV(g)}) 

Remark 1.7. Roughly speaking, m(G) measures the space complexity of solving directed connectivity on 
the input graph G. 

1.2. Our results. For our upper bounds, we give a randomized monotone generalization of Savitch's algo- 
rithm which uses a parity argument. This gives us upper bounds for both monotone switching networks and 
monotone circuits (We consider both because it is not clear what the most natural definition of monotone-L 
is. For details, see Gringi and Sipser [6 | and Section 8 of Potechin [ 13]). 
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Theorem 1.8. There is a monotone circuit of size at most 2°( lgn+lsHgfc ) and width 0(lgn + lg I lg k) which 
is sound and solves directed connectivity on all input graphs G where all but k of the vertices in V{G) are 
lollipops and there is a path from s to t of length I in G. 

Theorem 1.9. There is a monotone switching network of size at most 2°( lgn+lg ' lgfc ) which is sound and 
solves directed connectivity on all input graphs G where all but k of the vertices in V(G) are lollipops and 
there is a path from s to t of length I in G. 

For our lower bounds, we improve the Fourier analysis techniques of Potechin [ 13] to obtain the following 
theorem. 

Theorem 1.10. IfG is an input graph and z is an integer greater than 8 such that there is not path of length 
at most 2 Z from s to t and for any vertex v G V{G) U {s, t} there are at most c vertices w G V{G) U {s, t} 

(™)f 

such that there is a path from v to w or a path from w to v of length at most 2 Z then m(G) > ^ 4z - 2 . 

1.3. Notation and conventions. We use the same notation and conventions as Potechin |[T3l . Throughout 
the paper, we use lower case letters (e.g v, e, /) to denote vertices, edges, and functions. We use upper case 
letters (e.g G, V, E) to denote graphs and sets of vertices, edges, or other objects. Uppercase script letters 
(e.g. V,C) are often used to denote a family or set of objects which are themselves graphs or sets. We use 
unprimed symbols to denote vertices, edges, etc. in the directed graph G, and we use primed symbols to 
denote vertices, edges, etc. in the switching network G' . 

In this paper, we do not allow graphs to have loops or multiple edges from one vertex to another. When a 
graph has loops or multiple edges from one vertex to another we use the term multi-graph instead. 

2. Upper bounds: Solving directed connectivity with parity 

In this section, we show that for input graphs with a very large number of "lollipops" (vertices v G V(G) 
for which there is an edge from s to v or an edge from v to t), the monotone space complexity of directed 
connectivity is low. In particular, we give a randomized generalization of Savitch's algorithm which requires 
less space when solving directed connectivity on such input graphs and construct a relatively small sound 
monotone switching network for directed connectivity which accepts all such input graphs. 
The key idea is to work with sets of vertices together with a parity rather than looking at individual vertices. 
We begin by giving several useful definitions, propositions, and lemmas. 

Definition 2.1. We say a set of vertices V C V{G) has even(odd) parity if there is an even(odd) m such 
that there are m vertices w 6 V such that there is an edge from w to t and for the other \ V\ — m vertices 
v G V there is a an edge from s to v. 

Proposition 2.2. If there is a set of vertices V C V{G) with both even and odd parity then there is a path 
from s to t of length two. 

The next proposition shows that it is easy to calculate the parity of a set of vertices if it exists. 

Proposition 2.3. IfV C V(G) and w G V(G)\V then V U {w} has even(odd) parity if and only if either: 

1. V has even(odd) parity and there is an edge from s to w. 

2. V has (odd)even parity and there is an edge from w to t. 

Even if a set of vertices V does not have a parity, it may be close, i.e. there may be a vertex v £ V such that 
does have a parity p. Roughly speaking, we express this possibility by pairing V with p. 

Definition 2.4. A set of vertices with parity is a pair (V,p) where V C V(G) and p £ {even, odd}. 

We now consider paths from one set of vertices with parity to another. 

Definition 2.5. Given two sets of vertices U, V C V{G) U {s, t}, we say there is a path of length I from U 
to V if there is a path of length I from a vertex u G U to a vertex v G V. 
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Definition 2.6. If (U,pi) and (V,P2) are two sets of vertices with parity and I > 1 then we say that there is 
a path of length at most I from (U,pi) to (V,p2) if there are vertices u £ U,v £ V such that: 

1. There is a path from {s, u} to {v,t} of length at most I. 

2. U\{u} has parity p\ and V\{v\ has parity p2- 

Remark 2.7. We are effectively treating the input graph as though it has a path from each other vertex to 
s of length and a path from t to each other vertex of length 0. We can do this because adding such paths 
does not affect whether or not there is a path from s to t in G. 

Lemma 2.8. If (U,pi), (V, P2), (W,p3) are sets of vertices with parity and there is a path of length at most 
h > I from (U,pi) to (V,p2) and there is a path of length at most I2 > lfrom (V,p2) to iW : p^) then there 
is a path of length at most l\ + l2from (U,pi) to (W,ps) 

Proof. By definition, there are vertices u,v\,V2,w such that: 

1. u G U, vi, V2 G V, and w G W. 

2. There is a path from {s, u} to {v \ , t} of length at most l\. 

3. There is a path from {s, V2} to {w, t} of length at most I2. 

4. U\{u] has parity p\, V\{v{} has parity P2 for i G {1, 2}, and has parity p% 

If there is a path from {s, u} to t of length at most l\ or a path from {s} to {w, t} of length at most I2 then 
we are done. Thus we may assume that there is a path from {s, u} to v\ of length at most l\ and a path from 
V2 to {u>, t} of length at most I2. Then if v\ = V2 we are done, so we may assume v 1 / t?2- 
But then by statement 4 and Proposition 12.31 either there is a path from s to t of length two (in which case 
we are done), an edge from s to both v\ and v 2 (in which case we are done because there is a path from V2 
to {w, t} of length at most I2 and thus a path from s to {w, t} of length at most I2 + 1 < h + h), or an 
edge from both v \ and V2 to t (in which case we are also done because there is a path from {s, u} to {vi} of 
length at most l\ and thus a path from {s, u] to {t} of length at most h + 1 <h + h) □ 

2.1. Savitch's algorithm with parity. We are now ready to give a randomized generalization of Savitch's 
algorithm. We first briefly recall how Savitch's algorithm works. To determine whether or not there is a path 
of length at most I from s to t, for each vertex v G V(G), we recursively check whether there is a path of 
length at most from s to v and whether there is a path of length at most | from v to t. If I = 1 then we 
check directly whether there is an edge from s to t. 

To see why the algorithm works, note that if both subpaths exist for some v G V(G) then there is a path of 
length at most I from s to t, so the algorithm is sound. If there is a path from s to t of length at most I then 
both subpaths will exist when v is the midpoint of the path, so the algorithm is complete. At each point, 
we have to remember at most lg I vertices, each of which represents lg n bits, so the total amount of space 
needed is at most 0(lg n lg I) 

Now assume that at most k of the vertices of G are not lollipops and there is a path from s to t of length 
at most I. Assume that n = |V(G)| >> k. We tteat the randomness as an additional input which can be 
consulted at any time. This allows the algorithm to randomly pick and remember large subsets of vertices 
(because it is stored in the randomness). It is an open problem whether or not we can make a deterministic 
algorithm or weaken the type of randomness required. 

Our algorithm works as follows. To check whether there is a path of length at most I from (U, p\ ) to ( W, P3): 
Repeat AOk times: 

1. Pick a random set of vertices V of size roughly ? and a parity p2- 

2. Check recursively whether there is a path from (U,px) to (V,p2) of length at most 4ji and a path from 
^ViPi) t0 (W,ps) of length at most |. If yes then accept, otherwise continue. 

If I = 1 then we check directly whether there is a path from (U,p\) to (W,ps) of length at most one. 

We will show by induction that the algorithm is sound and succeeds with probability at least \. If the 
algorithm succeeds then by Lemma [2781 and the inductive hypothesis there is a path of length at most I from 
(U,p\) to (W,p3). If there is a path of length at most I > 2 from (U,pi) to (W,ps) then take corresponding 
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u, w and let v be the ^fc^th vertex of the path from {s, u} to {w, t}. If V is a set of vertices such that v G V 
and all other vertices in V are lollipops, then there is a parity P2 such that there is a path from (U,pi) to 
(V,P2) of length at most ^ and a path from (V,f?2) to (W,P3) of length at most k. 

If we choose a set of vertices V of size roughly the probability that the mth vertex of v is v and the others 
are all lollipops which are not v is roughly (^)(1 — jh* ~ Thus, the probability that v £ V and the 
other vertices are lollipops is at least 4r or so. The probability that we then choose the correct parity and the 
algorithm successfully finds the subpaths is at least |. Thus, the algorithm has at least a ^ or so chance of 
succeeding on each iteration. These chances are independent so it easily follows that the algorithm succeeds 
with probability at least \ for any such input. Using repitition, this probability can be made arbitrarily close 
tol. 

To search for a path from s to t of length at most I, we search for a path from ({s}, ev en) to ({£}, even) of 
length at most /, and this is equivalent. 

Now we just need to analyze how much space the algorithm uses. Remembering which iterations we are 
on (and thus where in the randomness we need to look to specify the sets of vertices and parities) takes 
0(lg I lg k) space. Checking for a path of length at most one from one set of vertices with parity to another 
takes O(lgn) space. Thus, the total amount of space needed is 0(lgn+lgZ lg k). For comparison, Savitch's 
algorithm would ordinarily require 0(lg I lg n) space on such inputs. 

Corollary 2.9. There is a monotone circuit of size at most 2°( lgn+lgngfc ) and width 0(lg n+lg / lg k) which 
is sound and solves directed connectivity on all input graphs G where all but k of the vertices in V{G) are 
lollipops and there is a path from s to t of length I in G. 

Proof sketch: 

There are at most M such input graphs where M is at most 2°( n ' and the algorithm succeeds with probabil- 
ity at least 4 on each such input graph. If we repeat the algorithm at least lg M + 1 times then the algorithm 
succeeds with probability greater than 1 — jj on each such input graph, so there is a choice for the random 
bits which succeeds on all such input graphs. We can then create the required monotone circuit from the 
algorithm using these random bits. 

Remark 2.10. We can also use this algorithm to construct a monotone switching network of size 2 0( - lg n+lg 1 lg fc ) = 
n O(i)fcO{\gl) which accepts all such input graphs. In Appendix\A\we give a direct construction which gives 
a slightly more general result. 

3. Lower bounds 

Let's briefly recall our general approach to lower bounds. For full details, see Sections 5-7 of Potechin |[T3l . 

Definition 3.1. We define a cut ofV{G) to be a partition ofV{G) into subsets L(C), R(C). We say an edge 
Vi V2 crosses C if v \ G L(C) U {s} and V2 G R(C) U {£}. 
Let C denote the set of all cuts C ofV{G). \C\ = 2". 

We analyze the vector space of functions from C to M.. We have the following dot product and Fourier basis: 
Definition 3.2. Given two functions f,g:C—?-M.,f-g = 2~ n YlceC f{C)g(C) 

Definition 3.3. Given a set of vertices V C V(G)\{«, t}, define e v : C -> R by e v (C) = (-l)\ VnL ( c )\. 

Proposition 3.4. The set {ey, V C V(G)\{s, t}} is an orthonormal basis for the vector space of functions 
from C to R. 

Definition 3.5. Given a function f : C — > R and a set of vertices V C V(G)\{s, t}, define fv = f~ e v- 

As shown in Proposition 5.3 of Potechin lfl3l . given a sound monotone switching network G' we can assign 
each vertex v' G V(G') U {s 1 , t'} a function h v > : C ->■ {-1, +1} so that: 
LVCeC,s'(C) = -l,t'(C) = 1 
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2. If there is an edge e' G G' with label e between vertices 1/ and w' in C, then if C G C and e does not 
cross C, then v\C) = w'(C). 

For convenience, we identify each vertex v' G V(G') U {s',i'} with its corresponding function h v >. Note 
that Vu' G V(G ) U {s',t'}, \ \v'\ \ = 1 

Now our general approach is as follows. Given a set of input graphs /, we come up with a set of functions 
{gji} such that for any sound monotone switching network G' which accepts all of the input graphs in /, 
we have that Vj3i, v' such that v' G V(G') and v' ■ gji is large. We then show that for the set of functions 
{gji} that we chose, no matter what G' is, as long as n' = \V(G')\ is small there must be some j such that 
for all i, for all v' G V(G'), v' ■ gji is small. This then implies that any sound monotone switching network 
G' which accepts all of the input graphs in / must be large, i.e. we have a lower size bound. 
The difficult part is proving a bound on minj {maxj {max,/ g y( G /) {V • gji}}} for all possible small G' . 
In Potechin IPT31 we did this by choosing the {gji} to be orthogonal for distinct j and using the Cauchy- 
Schwarz inequality. However, this technique does not seem to extend well to other sets of input graphs. 
Thus, we begin by developing alternative tools. 

Definition 3.6. Given a permutation a G SV(G) an d a cut C G C, define o~(C) to be the cut such that 
L(a(C)) = <j{L{C)) and R{a{C)) = a(R(C)) 

Definition 3.7. Given a permutation a G Sy(G) an d a function g : C — > M, define the function so that 
a(g)(a(C)) = g(C), i.e. a(g)(C) = g{o-\C)) 

Proposition 3.8. For any function g : C — > M, subset A C V{G), and permutation a G <SV(G)> 
)a(A) = 9A 

Definition 3.9. Given functions g\ , g2 ■ C — > R, define 

Sk, Ul ,u 2 {dl ! 92) = J2A,B,CCV(G):\A\=k,\B\=u 1 ,\C\=U2,Ar\B=Ar\C=Br\C=(i) 9x aub92auc 

The following theorem allows us to bound min^ {maxj {max„/ gl /( G /j {v 1 ■ g%j}}} when we start with a set 
of functions {g{} and take = o-j(gi) for all possible aj G S v ^, as we have that for all G', for all 

v' G V{G'), \\v'\\ < 1. 

Theorem 3.10. For any function g : C — >• R such that gy is only nonzero when \ V\ is much less than n,for 
any function f : C — > R, 

E aeSno) [(f • <r{g)?\ <2E to ^ gS^ d^^^g)!)!!/!! 

n 2 

Proof. 

Lemma 3.11. For any functions f, g : C — >■ R, 

E*es v{G) [(f ■ v(9)) 2 } = Efc,«i,«a fc! " l! " 2!(n ;f ~ Ml ~" 2)! s fc[Ul , U2 (/, f)s k>uim (g, g) 

Proo/: s CTe5v(G) [(/ • a(g)) 2 ] = Ke5 v(G) [(Ev^cv(go Ai^VJCEvacnc?) ^ ct &)f 2 )] 

Taking A = V\ D V^, -B = Vi\y 2 , C = F 2 \^i, this is equal to 

Ea£S v( G)[J2k, Ul ,u2 J2A,B,ccv(G):\A\=k,\B\=u u \c\=u2,AnB=Anc=Bnc=ii Jaub fAuco-(g) AuB o-(g) AuC ] = 
Yl,k,u u u2 Y^A,B,ccv(Gy.\A\=k,\B\=ui,\C\=u 2 ,AnB=AnC=BnC=$fAiJBfAucE ae s V (G-) i a \9) AuB a (9) AUC*] 
Now E a& s v{G) [<?{g) AV j B <?{g) AVJC \ = E aeSv{G )[9a- 1 (AuB)9a- 1 (AuC)} = fc! " l! " 2! ("~^ Ml ~" 2 ) ! s kiU1 , U2 (g, g) 
This is independent of A, B, and C, so we deduce that 

E *es v(G) [(/ • <?{g)?\ = Efc,«i,ua fc!Ml!M2!( "^~ Ml ~" 2)! s fciMlitt2 (/, f)s kjU1>U2 (g,g), as needed □ 
We now wish to bound how large |sfc jni]U2 (/, /)| can be in terms of ||/||. 
Definition 3.12. Given a function g : C — > R and subset A C define 

SA, Ul (g) = Y^BCV(G):\B\=ui,AnB=® 9AUB 

SA, Ul , u 2 (gi,g2) = 22B,CCV(G):\B\=ui,\C\=U2,AnB=AnC=BnC=Q 91AUB92AUC 
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Proposition 3.13. ^A,s A ^ 1 {g 1 )s A ,u 2 {92) = T /u >oT, A CBCv(G),\B\=\A\+u s B,u 1 -n,u 2 -u(gi,92) 

Corollary 3.14. Vk,ui,u 2 , YuA-.\A\=k s a,u 1 (9i) S A, 112(52) — Y2u>0 ( ~u ) s k+u,ui— u,U2— u (91,92) 

Proof. This follows immediately when we sum Proposition 13.131 over all A of size k. □ 

Surprisingly, Corollary I3.14l has an almost identical inverse formula. 

Lemma 3.15. Vfc, ui, u 2 , s k , ui ,u 2 (9i, 92) = Eu^ot-^lT) Y,A-.\A\=k+u SA,u 1 -u(gi)sA,u 2 -u(g2) 
Proof. This lemma corresponds to the fact that the inverse of a matrix like 



1 



ffc+2\ (k+?j\ 
1 / I 2 



1 



fk+3\ 



1 -ef) 
1 



\ 1 , 

is 

2\ fk+3\ 
2 ) 

(T 

V 1 / 

Calculating directly, these matrices are inverses because of the combinatorial identity 

SXo ("l) fc H(^IT = = if- > 1 and 1 if m = 0. 

To bound how large \sk, Ul ,u 2 (f, f)\ can De in terms of ||/||, we just need bounds for how large expressions 
of the form Y,A-.\A\=k SA, Ul (g)s A , U2 (g) can be. 



□ 



Proposition 3.16. Vfc,1il,«2, | E>l:|A|=fc s A,u 1 (9) s A,u 2 {g)\ < ^T,A:\A\=k (SA, U1 {9)) 2 T,A:\A\=k ( s A,u 2 (g)) 2 
Proof. This follows immediately from the Cauchy-Schwarz inequality. □ 
Proposition 3.17. For all k, u\ and all A with \A\ = k, (s A , Ul (9)) 2 < ("jf) ^BCV(G):\B\=u u AnB=$ (9Aub) 2 
Proof. This follows from the Cauchy-Schwarz inequality 

(^BCV{G):\B\= Ul ,AnB=<l> :\B\=ui,AnB=(H (f(B)) 2 EBCV(G) :\B\=ui,AnB=$ (KB)) 2 

with f(B) = 1 and h(B) = g AuB . □ 
Corollary 3.18. Vfc, Ul , £ A:|A|= Js A , Ul (ff)) 2 < (""*) KDlMI 2 

Proof. This follows immediately when we sum Proposition 13. 17l over all A of size □ 

Corollary 3.19. Vk,m,u 2 , \ E A ..\ A \= k ^A m (9>A,uM\ < ^/WOWWHsH 

Proof. This follows immediately from Proposition I3TT61 and Corollary I3T81 □ 

Corollary 3.20. is a function f : C — ¥ R, we have that for all k, ui,v>2, 

lc ( f f\\ < / /n— fc— uWn— fc— uWfc+tti Wfc+«2 S \ 1 1 £■ 1 1 

\ s k,u±,u 2 \J J JJI — 2^u>0 I u ) y V ui-u ) \ 112-u ) \ui-u) \u2-u) WJ II 

Tjfra >> fc, u (which will always be the case for our analysis) then 

Proof. This follows immediately from Corollary 13. 19l and Lemma l3.15l □ 
Theorem l3. lOl now follows easily. By Lemma l3.HI 

E *eS no) {(f ■ v(g)) 2 } = Efc,«i,«a fc! " l! " 2 "nl° ~ U1 ~ U2 ' 1 Sfc.m.ua (/. f) s k,u u u 2 (9, ff) 
Now by Corollary I3T201 

S CT6Sv(G) [(/ • a( 5 )) 2 ] < 2£ Ml , U2 ^ I jj'£r a) ' (l^,u 1 ,i« a (g,g)l)ll/Il. as needed. □ 



For the functions g we will be looking at, it is difficult to bound \sk, Ul ,u 2 {9i d)\ directly, so we would like a 
bound that is easier to use. 

Corollary 3.21. For any function g : C — > R such that gy is only nonzero when \V\ = zfor some z < nz, 
for any function f : C — ¥ R, 

E*es v(G) [(/ • °{g)?\ < 20^||/|| max fceM {Y, A -.\A\=k ( s A,z-k(g)) 2 } 
Proof. By Theorem 13 .101 
K g S Wff J(/-a(g)) 2 ]<2^^ 
By Lemma l3.15[ 

\8k,z-k,z-k(g,9)\ < En=0 Cu^ T,A:\A\=k+u (sA,z-u(g)) 2 < 

(E^=o iO) max ke[o,z] {T,A-.\A\=k (sA,z-k(g)) 2 } < 2 z max fe[0i2] {T,A-.\A\=k (sA,z-k(g)) 2 } 

Thus we have that E a( , Sv{G) [(f ■ a{g)f] < 2^^||/|| max te[0iZ] {Y,A-.\A\=k ( s A,z-k(g)) 2 } and it can be 

verified by direct computation that Vz > 1, 10z z > z(2 z )z\, so the result follows. □ 

3.1. The usefulness of a base function. 

Definition 3.22. We call a function g : C —> IR a base function for the input graph G with cutoff z if the 
following is true: 

1. 9{} = 1 

2. g v = 0if\V\>z 

3. If e = s —7- v £ E(G) and we have that v G V and \ V\ < z then gy = —gy\{ v } 

4. If e = v —> t G E{G) and we have that v G V and \ V\ < z then gy = gy\{ v } 

5. If e = v\ — > V2 G E(G) and we have that vi,V2 G V and \ V\ < z then 

9V = 9V\{v u v 2 } ~ 9v\{v 2 } + 9V\{v-l} 

It turns out that to obtain lower size bounds on m{G) it is sufficient to construct and analyze a good base 
function for G with cutoff z. In particular, we have the following theorem. 

Theorem 3.23. If g : C ->lis a base function for the input graph G with cutoff z then 



m (G) > 50(n 2 ) \[^~z z max fte[0!z] jjg{1>2 } {T.A:\A\=k i s A,z-k-j{g)) 2 } ■ 



The proof of this theorem is long, technical, and requires a good knowledge of the lower bound techniques 
in Potechin |[T3l and is thus relegated to Appendix iBl 

3.2. Constructing a good base function. In this section, we construct a good base function g for the input 
graph G with cutoff z. This construction gives us the following theorem. However, the proof involves some 
lengthy calculations so we put it in Appendix 

Definition 3.24. We say vertices u, v G V{G) U {s, t} are l-connected ifv ^ s and there is a path of length 
at most I from utovoru^t and there is a path of length at most I from v to u. Note that each vertex is 
l-connected to itself for any I > 0. 

Theorem 3.25. If G is an input graph and z is an integer greater than 8 such that s and t are not 2 Z - 
connected and for any vertex v G V(G) U {s, t} there are at most c vertices w G V(G) U {s, t} such that v 

and w are 2 2 -connected then m(G) > „ c . 2 ■ 

For our construction, we will choose the coefficients gy from smallest |V| to largest |V|. For some of these 
coefficients, we can choose its value freely, for other coefficients the value will already be determined by 
our previous choices. The following lemma tells us which coefficients we can choose freely and which will 
be predermined. This lemma follows from Sections 3 and 6 of Potechin [13] and is stated without proof. 



Lemma 3.26. Let G be a directed acyclic input graph such that s and t are not 2 Z -connected. 
When we are choosing the base function g with cutoff z and choosing the coefficient gy: 

1. If there is a vertex v G V such that s and v are 2 2 H l/ l~ 1 -connected then we must set gy = —gy\{ v } 

2. If there is a vertex v € V such that v and t are 2 Z ~\ V \~ 1 -connected then we must set gy = gy\{v} 

3. If there are vertices v\,V2 £ V such that there is a path of length at most 2 z ~\ v \~ l from v\ to V2 then we 
must set g v = gy\{ Vl } - 9v\{v 2 } + 9v\{v u v 2 } 

4. If none of the above cases holds then we may freely choose gy. 

Actually, instead of choosing the coefficients gy directly, we will choose the values sy jU (g) in increasing 
order of j = u + \V\ and increasing order of k = \V\ for equal values of j. Many of our choices will be 
determined for us by the following corollary of Lemma 13.261 

Corollary 3.27. When choosing the values for the sums sy^ u {g), we have the following: 

1. If there is a vertex v 6 V such that s and v are 2 Z ~\ V \~ U ~ 1 -connected then 

svAd) = sy\{v},u{9) + sv,u-i(g) 

2. If there is a vertex v € V such that v and t are 2 Z ~\ V \~ U ~ 1 -connected then 

sv,u{9) = sy\{ v },u(g) ~ s VtU -i(g) 

3. If there are vertices v\,V2 £ V such that there is a path of length at most 2 z ~\ v \~ u ~ l from v\ to V2 then 

sv, u (g) = s V\{vi},u (g) s V\{v2},u s V\{vi,V2},u (g) - sv\{vi},u-i(g) - sv\{v 2 },u-i(g) + sy tU -2(g) 
Proof. In case 1, 

s V\{v},u{g) = 22b:V\{v}CB,\B\=\V\+u-i9B = Y^B:V\{v}CB,v<jtB,\B\=\V\+u-l 9B+2~2b:VCB,\B\=\V\+u-X 9B 
= Y,B:V\{v}CB,v£B,\B\=\V\+u-l ~9BU{v} + SV,u-l(g) = Sy,u(g) + S V ,u-l(g) 

In case 2, using similar logic we obtain that 

s V\{v},u(g) = sv,u(g) + sy, u -i(g) 
In case 3, 

sv\{tn},u(sO - s v \{v 2 },u(9) + s V\{vi,v2},u(g) = 

Sb:V\-{>i}CB,|B| = |V|+u-1 9B - J2b:V\{v 2 }CB,\B\ = \V\+u-1 9B + J2b:V\{v u v 2 }CB,\B\ = \V\+u~2 9B = 
^Zb:V\{v 1 }QB,v 1 ^B,\B\=\V\+u-1 9B + Y2b:VQB,\B\=\V\+u-1 9b) ~ 
(2~2b:V\{v 2 }CB,v 2 $B,\B\=\V\+u-1 9B + J2b-.VCB,\B\=\V\+u-1 9b) + 
(J2b:V\{v u v 2 }CB,v u v 2 (£B,\B\=\V\+u-2 9B + J2b:V\{v 2 }CB,v 2 (£B,\B\=\ V\+u-2 9B + 
Sb:V\{^ 1 }CB,i. 1 ^B,|B|=|V|+«-2 9B + 2~2b-.VCB,\B\=\V\+u-2 9b) = 
(Z^S:V\{« 1 ,-u 2 }CB,« 1 ,V2^B,|B|=|y]+«-2 i9BVj{v 2 } ~ 5fiU{»;i} + 5b)) + 

(J2b-.V\{v 2 }CB,v 2 (£B,\B\ = \V\+u-2 9B + X^B:'l< r \{v 1 }CB,i>i£B,|B|=|V|+M-2 9B + J2b:VCB,\B\=\V\+u-2 9b) = 
Eb : ,v 2 }C-B,vi ,v 2 ((lB ,\B\ = \ V\+u— 2 

(2~2b-.V\{v 2 }CB,\B\ = \V\+u~2 9B + SB:V\{i)i}CB,|B|=|y|+u-2 9B ~ J2b:VCB,\B\ = \ V\+u-2 9b) = 

sv,u{9) + s v \{ Vl },u-l(9) + s v \{ V2 },u-l(g) - sy, u -2(g) 

s V\{vi},u (g) s V\{v 2 },u G?) + (g) = sy, u (g) + Sy\{ Vl y^ u _i(g) + Sy\{ V2 } )U _ 1 (s') - sy^ig) 

sv,u{g) = Sy\{i)i},M(5')-Sy\{ t ,2},«(5 , ) + 'Sy\{„ li »; 2 } i{1 (5')-Sy\{^ 1 },M-i(5')-Si/\{i,2},«-i(5') + sy,«-2(5') □ 
Additionally, we have the obvious restriction that 
VA, s A)U {g) = Hb:A<zb,\b\=\a\+i s B,u-i(g) whenever u > 1 

To deal with this restriction we will first assign target values t(A, u) which will be adjusted as needed. Given 
the target values t(A, u), we define a(A,u) = J2bacb |b|=|A|+i t{B : u — 1) whenever u > 1. Once we 
have ensured that a{A, u) = t(A, u) for all u > 1 and A such that \A\ = j — u and that t(A, u) has the 
correct value whenever it is determined by Corollary 13-27 J we can set SA,u{g) = t(A, u) and move on to the 
next j. The choices for u = correspond to choosing the actual coefficients gy. For our construction, we 
will use the following lemma. 

Lemma 3.28. Let V C V(G) be a set of vertices such that no two distinct vertices of V U {s,t} are 
2«-|v|-m-i . connec t e d and let k = \V\. If there is a set of vertices W such that \ W\ = k + 1, V n W = 0, 
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and no two distinct vertices ofVUWL) {s, t} are 2 Z ~\ V \~ U ~ 1 -connected then we can adjust the value of 
a(V, u) by adjusting the values oft(U, u — l)(g) for the U C V U W of size k + 1 so that the values a(T^ , u) 
are unaffected for all V-i such that |Va| = k and V2 ^ V. Moreover, we can do this so that the sum of the 
magnitudes of the adjustments to the tu,u-l is at most 2 k times the magnitude of the adjustment to a(V, u). 

Proof Let I = \U n V\ and m = \U n W\ = k + 1 - I. 
Increase each t(U, u — 1) by (— l) m+1 ( — ) for m^O. 

Then for each V2 S V U W with | V2I = fc, letting m 2 = | V2 n VF| we have that the net change to a(V2, u) 
for m 2 > 1 is m 2 (-l)(^+ 1 )( (m2) 1 CT ) + (fc + 1 - T ^)(-l)(^+l)+l( ^_ J^^ ) = 

/~ 1 \(m2+l) H m 2)( m 2) ! ( fc + 1 ~ m 2) ! _ (fc+l-m2)(m.2 + l)!( fc ~ m 2)! \ _ n 
V i ' ) ^ (ma)(fc+l)! (m 2 +l)(fc+l)! ^ ~ U 

The net change to a(V, u) is (k + = 1. 

To see the moreover part, note that 

Y^fe+l fk\ fk+l\ ( 1 \ ^ / k \ ^ k n 

Z^m=l UA m JLp+iV - ^m=l — Z LJ 

We are now ready to choose the values for sy^ u {g) as described above and thus construct g. Our goal will 
be to make the values of sy iU (g) small. We will do this as follows: 
For each j G [1, z — 1]: 

1. For each V, consider whether syj\y\(g) is determined by Corollary 13.271 If so, set t(V,j — \V\) 
accordingly. If not, then set t(V,j — \V\) = 0. 

2. For each k G [0,j], for each V such that \V\ = k, if syj_\y\{g) was not fixed by Corollary 13.27 1 then 
adjust a(V,j — \V\) to equal t(V,j — \V\) using Lemma l3.28l However, instead of choosing only one valid 
W, split up the adjustment equally among all possible valid W. 

3. After doing this, unless there was a case when we could not use Lemma l3.28l because there was no valid 
W, we will have that a(A,j - \A\) = t(A,j - \A\) for all A C V(G) with \A\ < j - 1, so we can set 

SA,j-\A\(g) = t(Aj-\A\). 

As shown in Appendix ICl under the conditions of Theorem 13 . 25 1 this will succeed and give us a good base 
function g. 
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Appendix A. A small monotone switching network 



In this section, we give a direct construction of a small monotone switching network solving input graphs 
which have a very large number of lollipops, obtaining the following result. For this section, it is assumed 
that the reader is familiar with certain-knowledge switching networks. For background on certain knowledge 
switching networks, see Section 3 of Potechin lfl"3l . 

Definition A.l. Define the complexity of a knowledge set K to be 

c(K) = \{v : v 7^ s, t, v ->■ w G E(K) or w -)■ v G E(K)for some w € V(G) U {s, t}}\. 
Define the complexity of a certain knowledge switching network G' to be max v / e y^Q^ {c(K v i)}. 

Theorem A.2. Let Gq be an input graph with \V{Gq)\ = k and which is accepted by a certain knowledge 
switching network G' Q with complexity c and size ml . Let G be an input graph which contains Gq as a 
subgraph and where all of the vertices in V(G)\V(Go) are lollipops. Then m(G) is at most n°^k°^n' 
where n = \V{G)\. 

Before describing the construction, we need a few more preliminary results. 

We first consider how to extend Definition |2.6| for paths of length zero. We could try to use the definition 
directly for / = 0. However, it turns out that this is not transitive. Instead, we use the following definition 
which is transitive: 

Definition A.3. For a given input graph G, we say (V±,pi) and (V2,P2) ore G -equivalent if either: 

1. V\ has parity p\ and V% has parity p2- 

2. V\ has the opposite parity ofp\ and V2 has the opposite parity ofp2- 

3. 3v G V\ n V2 ■ V\\{v} has parity p\ and Vi\{v\ has parity p2- 

Lemma A. 4. If there is no path from stot of length two in G then G-equivalence is an equivalence relation. 

Proof. Reflexivity and symmetry are obvious, so we just need to show transitivity. Assume that (Vi,pi) and 
(V2,P2) are G-equivalent and that (V2,P2) and (^3,^3) are G-equivalent. If V2 has parity P2 then either V\ 
has parity p% or there is a vertex v such that V\ D V% = {v}, Vi\{v} has parity p\, and V2\{v} has parity 
P2- In the second case, since there is no path from s to t of length two, by Proposition [23] there must be an 
edge from s to v and this implies that V\ has parity p\. Thus, in either case we have that V\ has parity p\. 
Following similar logic, V3 must have parity p% and we are done. 

If V2 has the opposite parity of P2 then either V\ has the opposite parity of p\ or there is a vertex v such 
that V\ fl V2 = {v}, Vi\{v} has parity p\, and V2\{v} has parity p2- In the second case, since there is no 
path from s to t of length two, by Proposition I2.3l there must be an edge from v to t and this implies that V\ 
has the opposite parity of p\. Thus, in either case we have that V\ has the opposite parity of p\. Following 
similar logic, V3 must have the opposite parity of p^ and we are done. 

If V2 does not have any parity then there exist u G Vi Pi V2, w G V2 H V3 such that Vi\{w} has parity p\, 
V\\{u} and V\\{w} have parity P2, and V3\{w} has parity ^3. Also, we must have that u = w as otherwise 
V2 would have a parity. But then it follows immediately that (V\,pi) and (Vs,P3) are G-equivalent, so we 
are done. □ 

Proposition A.5. If (V"i,pi) and (V2,P2) ore G-equivalent then there is a path of length at most one from 
(yiiPi) to {V2,P2) and a path of length at most one from (V2,P2) to (^l)Pl)- 

Proof. This follows immediately from Definitions 12761 and Definition |A3| □ 
Corollary A.6. If (Vi,pi) and (V2,P2) ore G-equivalent then: 

1. If there is a path of length at most I > lfrom (U, p) to (V\ , pi) then there is a path of length at most I + 1 
from (U,p) to (V 2 ,P2)- 

2. If there is a path of length at most I > lfrom (V\,pi) to (W,p) then there is a path of length at most I + 1 
from (V 2 ,P2) to (W,p). 

Proof. This follows immediately from Lemma [2781 and Proposition IA. 5 1 □ 
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We are now ready to give our construction. 

Proof of Theorem \A. 21 To construct the monotone switching network, we do the following for each j G 
[1, m], where m will be chosen later: 

1. Randomly choose k sets of vertices V v j C V(G),v G V(Gq) where each set of vertices has size « r. 

2. Randomly choose a parity p^- for each V^j. 

3. Take G' and replace each edge with label v\ — > ^2 with a monotone switching network testing whether 
there is a path of length at most one from 04 i: /,Pv i: /) to (V V2 j,p V2 j). We take V^- = {s}, V^j = {i}, and 
Psj = Ptj = even. Call the resulting monotone switching network G" 0j . For each v' G V(G ), let be its 
copy in G' 0j 

After constructing all of the G" 0j , we do the following: 

1. Merge all of the s'j together into one s' and merge all of the tj together into one i! . 

2. For each vertex v' G V(G' ), if K v > mentions vertices v\, ■ ■ ■ ,Vk then for each pair of distinct ji, j'2 in 
[l,m], create a monotone switching network between i/- and v'j 2 which computes whether (V Vi j 1 ,p v% j 1 ) 
and (V Vi j 2 ,p Vi j 2 ) are //-equivalent for all i, where H is the input graph. 

3. Finally, add an additional monotone switching network between s' and t' computing whether or not there 
is a path from s to t of length at most two. 

It follows from Lemma 12.81 Corollary IA.6I and the soundness of G' that this monotone switching net- 
work G' is sound. We just need to analyze when G' accepts an input graph H where H = a(G) for some 
° G SV(G)- 

Definition A.7. We say that (V v j,p v j) is H-valid if o~{v) G V v j and V v j\{a(v)} has parity p v jfor H. 

Proposition A.8. If(V v j 1 ,p V j 1 ) and (V v j 2 ,p v j 2 ) are both H-valid then they are H-equivalent. 

Corollary A.9. Given an input graph H = cr(G) and vertex v' G V(G' ), let vx, ■ ■ ■ ,Vi~ be the vertices 
mentioned by K v >. If for some ji,j2 G [1, m], {Vv^x , Pvi ji ) an d (V Vi j 2 ,p Vi j 2 ) are H-valid for all i, then 
there is a path from v'^ to v'j 2 when H is the input graph. 

Proposition A. 10. If e' is an edge between vertices v! and v' in G' Q with label e, then if(V v j,p v j) is H-valid 
for all vertices v mentioned by K u >, K v >, and e then there is a path from u'j to v'j when H is the input graph. 

Corollary A. 11. If H = o~{G) is an input graph and we have that for all e' G E(G' Q ) there is a j such that 
(V v j,p v j) is H-valid for all vertices v mentioned by K u >, K v >, and e, then G' accepts H. 

Proof. This follows from Corollary IA.9I Proposition IA. 101 and the fact that G' accepts Go. □ 

Thus, we just need to guarantee that for all input graphs H = a(G) and all e' G E(G' ) there is a j such that 
(Yvj-iPvj) is H- valid for all vertices v mentioned by K u i, K v i, and e. 

Given a given set of vertices U and input graph H, the probability that (V v j,p v j) is //-valid for all vertices 
in U is at least (o^fe)' C/ ' or so. There are at most 2™ 2 inputs to check and at most (n + l) 2c + 2 sets of vertices 
of size at most 2c + 2. This implies that we can take m to be n°^k°^ c ' and guarantee that with nonzero 
probability, for all input graphs H = a(G) and all e' G E(G' ) there is a j such that {V v j,p v j) is //-valid 
for all vertices v mentioned by K u >, K v >, and e. This implies that at least one of the switching networks 
constructed with this m will work and it can be verified that it will have size n U{ - n', as needed. □ 
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Appendix B. Proof of Theorem I3.23I 
We recall the statement of Theorem 13 .23 I below. 

Theorem 13.231 Ifg-.C—tM.isa base function for the input graph G with cutoff z then 

m (G) > 50(n 2 ) y/iz* max ft g[o !Z ] j 6 {i, 2 } {T.A-.\A\=k { s A,z-k-j{g)) 2 }^ 

Before proving this theorem, we need some preliminary results. 

Definition B.l. Given a base function gfor G with cutoff z and an edge e G E{G), we define g e so that 

1. If\V\ < z then g eV = g v 

2. If \V\ > z then g eV = 

3. If\V\ = z and e is of the form s — > v then g eV = — gy\r v \ ifv G V and otherwise. 
4.1f\V\ = z and e is of the form v — > t then g eV = gy\{v} if v £ V an d otherwise. 

5. If\V\ = z and e is of the form vi -)• v 2 then g eV = g v \{ Vl ,v 2 } ~ 9v\{v 2 } + 9v\{ Vl } ifvi,v 2 G V, 
9ev = 9v\vi if v i G V, v 2 i- V, and g eV = otherwise. 

Proposition B.2. Ve G E{G), g e is e-invariant i.e. g e (C) = Ofor any cut that can be crossed by e. 

For the lower bounds, we will be applying Corollary 13.21 | to functions of the form gi = g ei — g e , 2 where 

ei,e 2 G E(G). Thus, our goal is to bound max te[0iZ ] {T,A-.\A\=k ( s A,z-k(9ei ~ 9e 2 )) 2 } 

Lemma B.3. If e G E{G) is of the form s — > v then we have that 

Sv,z-\V\(9e) = Sv,z-\V\-l(9) + SVU{v},z-\V\-2(g) if V $ V 
Sv,z-\V\(9e) = S V \{v},z-\V\(9) + SV,z-|V|-l(ff) if V G V 

Proof. Ifv ^ V then 

s V,z-\V\\9e) = 2~2A:\A\=z,VU{v}CA9eA = ~ J2a-.\A\=z,VU{v}CA 9A\{v} = ~ 2~2a-.\A\=z-1,VCA,v<£A 9A 
= - s V,z-l-\V\(9) + Y.A:\A\=z-l,VCA,v£A9A = -Sy iZ _i_\y\(g) + S VvJ { v } ^ z _\ v \_ 2 (g) 

If v G V then 

s V,z-\V\(9e) = 2~2A:\A\=z,VCA9eA = ~ J2a-.\A\=z,VCA 9A\{v} = ~ 2~2a:\A\=z-1,V\{v}CA,v^A 9A 

= -SV\{v},z-\V\(g) + 2~2a:\A\=z-1,V\{v}CA,v£A9A = Sv\v,z-\V\(g) + S V ,z-\V\-l(g) D 

Lemma B.4. If e G E{G) is of the form v — > t then we have that 

Sv,z-\V\{ge) = 8v,z~\V\-l(9) ~ s VYJ{v},z-\V\~2{g) if v i V 
Sv,z-\V\{ge) = S V \{v},z~\V\(g) - SV,z-\V\-l(g) ifv G V 

Proof. This can be proved in a similar way. □ 

Lemma B.5. If e G E(G) is of the form v% — > v 2 then we have that 

1. If vi,V2 £ V then 

Sv,z-\V\(ge) = S V ,z-\V\-2(g) ~ SVu{ Vl },z-\V\-3(g) ~ s VVj{v 2 },z-\V\-z{g) + s VU{v!,v 2 },z-\V\-4(g) + 

sv,z-\v\-i(g) - 2s yu{«i},z-|y|-2(5') - s vu{«i,u 2 },z-|V|-3(#) 

2. Ifvi G V, v 2 i V then 

s V,z-\V\{ge) = Sy\{i>i},2-|V|-l(£) - Sy^ z _\ V \_ 2 (g) ~ S(y\{t, 1 })U{i) 2 },z-|V|-2(5') + svu{v 2 },z-\v\-3(g) + 
s V\{v!},z-\V\(g) - 2s V,z-\V\~l(g) - s VU{v 2 },z-\V\-2(g) 

3. Ifv 2 eV,V!^V then 

s V,z-\V\(ge) = S v \{ V2 y^ z _\ v \_i(g) - S(V\{i, 2 })U{^i},z-|V|-2(5) ~ S V ,z-\V\-2(g) + s VU{v 2 },z-\V\-3(g) ~ 

• s (^ / \{"2})u{Di}^-|yhi(5 r ) - sv,z-\v\-i(g) - 2s vu{i)i},z-|y|-2(5') 

4. Ifv\,v 2 G V then 

s v,z-\v\(ge) = s V \{ V1 ,v 2 },z-\v\(g) - s v\{v 2 }, z ~\v\-i(g) - s v\{v!},z-\v\-i(g) + s v,z-\v\-2(g) - 
s v\{v 2 }, z -\v\(g) - s v\{vi},z~\v\(g) - 2s v,z-\v\~i(g) 

Proof. lfv\,v 2 V then 

Sv,z-\V\(ge) = Y^A-.lA^VU^^ycAgeA + 2~2a-.\A\=z,VL){vi}CA,V2$.A &eA 
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= Y,A:\A\=z,VU{v 1 ,v 2 }CA (9A\{ vi, V3} 9A\{v 2 } + 9A\{vi}) + Y^,A:\A\=z,VU{vx}CA,V2$A9A\{vi} 

= J2a:\A\=z-2,VCA,V!,V2^a9A - ^2a:\A\=z-1,VU{vi}CA,v 2 ^A9A + J2a:\A\=z-1,VU{v 2 }CA,V!^A9A + 

^2a:\A\=z-1,VCA,vi,V2$A 9A = 

( s V,z-\V\-2(g) - Svu{vi},z-\V\-3(9) ~ s VU{v 2 },z-\V\-3(g) + ■ s VU{«i,U2},2-|V|-4(S')) ~ 
( s VU{vi},z-\V\-2(g) + s VU{vi,V2},z-\V\-3{9)) + ( s VU{v 2 },z~\V\-2(g) ~ s VU{vi,v 2 },z-\V\-3(g)) + 
( s V,Z~\V\-l(9) ~ s VU{vi},z-\V\-2(g) - s VVJ{v 2 },z-\V\-2{g) + s VVj{v u v 2 },z-\V\-3{g)) = 
5^2-1^1-2(5) - s VU{vi},z-\V\-3(g) ~ s VU{v 2 },z-\V\~3(9) + s VU{v u v 2 },z-\V\-4(g) + S V ,z-\V\-l(g) 

- 2 SVU{«i},«-|V|-2(5) - s VU{t;i,«2},2-|V|-3(3) 

The case when G V, v 2 ^ V can be analyzed in the same way, yielding 

s V,z-\V\(.9e) = Sy\{i>i},2-|V|-l(5) ~ s V,z-\V\-2(g) ~ S(V\{v!})U{v 2 },z-\ V|-2(ff) + • s VU{i> 2 },2-|V / |-3(5) + 
s V\{«l},;H^|(f) - 2s V,2-|V|-l(#) - s Vu{i; 2 },z-|V|-2(5) 

If u 2 € V, «i ^ V then 

• s V,2;-|y|(S'e) = EA:|A|=z,Vu{ui}CA#eA = J2a:\A\=z,Vu{vi}CA (9A\{v u v 2 } ~ 9A\{v 2 } + <?A\{ui}) 
= Ea:|A|=z-2,V\{i>2}CA,i>i,i>2^A 5A — ^2a:\A\=z-1,(V\{v 2 })u{vi}CA,v 2 ^A 9A + Ea:|A|=«-1,VCA,i>i£A 9A = 
( s V\{v 2 },z-\V\-l(g) ~ s (V\{v 2 })U{vi},z-\V\-2(g) ~ Sy )Z _|y|- 2 (#) + Sy^}, z_[vq_3(fl)) ~ 
( s {V\{v 2 })U{ Vl },z-\V\-l(g) + • s VU{»;i}^-|V|-2(5')) + (sv,z-\V\-l(g) ~ ■ s VU{«i},z-|V|-2(5')) = 

sv\{t^},«-|y|-i(ff)-S(V'\{^})u{t) 1 } ) z-|V'|-2(ff)-sy ) z-|y|-2(ff)+svLi^ 

- s v ,z-\v\~i(g) - 2s vu{vi},z-\v\-2(g) 

The case when v±,V2 can be analyzed in a similar way, yielding 

s V,z-\V\(9e) = Sv\{vi,v 2 },z-\V\(9) ~ s V\{v 2 },z-\V\-l(g) ~ s V\{i)i},2-|yhl(5) + Sy )i _|v[_ 2 (fl l ) ~ 
S V\{»;2}^-|V|(5') - s y\{vi},z-|V|(#) - 2s V,2-|V|-l(sO D 

Corollary B.6. For all e\, e 2 G G w /jave f/iaf 

max *e[0,2]{EA:|A|=it ( s A,z-fc(#ei - S^)) 2 } < 100 max te[0i2 ] Jeli2 {Y.A:\A\=k (sA,z-k~j{g)) 2 } 

Proof. This can be proved by using the above lemmas combined with the Cauchy-Schwarz inequality 

(E2=i x i) 2 — m E2=i ( x i) 2 an d summing up over all of the possible V. □ 

Corollary B.7. If g : C ^ M is a base function for the input graph G with cutoff z and e\ is an edge of G, 
then for any function f : C — > R, 

^eS F(G) Ee 2 eE(G)(/ ' (J {9e 1 - 9e 2 )) 2 } < 2000^f^| l/l I max fce [ 0i2 ] je {l )2 } iY^A:\A\=k ( s A,z-k- jig)) 2 } 
Proof. This follows immediately from Corollary IB.6l and Corollary 13.211 □ 
We are now ready to prove Theorem 13.231 

Proof of Theorem \3. 23\ It follows from Lemma 7.1 of Potechin [ 13 ] that if G' is a sound monotone switch- 
ing network which accepts all of the input graphs {a(G),a G SyiG)} tnen f° r an y a £ Sv(G) an d 

Ee 2 £i?(G) E„' 6 V(G') K " CT (fei ~ 5e 2 )| > 1 

Using the Cauchy-Schwarz inequality and letting n' = \ V(G')\, 

1 < E e2 e£(G) Hv>eV(G>) W ■ a (9 ei -9e 2 )\< (n 2 )(n') J2v>eV(G>) E e2 e£;(G) K ' ^ - g £2 )) 2 
This holds for any a E S V(G) so (n 2 )(n') E«'eV(G') ^eS v{G) [T.e 2 &E(G)( v ' ' a (9ei ~ 9e 2 )) 2 } > 1 
(ra 2 )(w / ) 2 max t ,>gv (G /) {E aeSv{G) Ee 2 gE(G)K ; - g e2 )) 2 ]} > 1 

n' > I 1 ~~ 

For all «' G V(G'), \\v'\\ < 1 so by CorollaryET] 

ri> — ^ ai^ □ 
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Appendix C. Proof of Theorem [325] 
We recall the statement of Theorem 13 .23 I below. 



Theorem 13.251 If G is an input graph and z is an integer greater than 8 such that s and t are not 2 Z - 
connected and for any vertex v G V(G) U {s, t} there are at most c vertices w G V(G) U {s, t} such that v 

and w are 2 Z -connected then m(G) > 2 C 



Proof. 

Proposition C.l. For any set of vertices W such that no two distinct vertices ofWL){s, t} are 2 Z -connected, 
there are at least n — c{\W\ + 2) vertices v such that v is not 2 Z connected to any vertex w £ W L) {s, t}. 

Corollary C.2. Ifn> 2cz the algorithm for constructing g is guaranteed to succeed 

For the remainder of the proof we will assume that n > c{z + l) 2 > 2cz, which means that the algorithm 
for constructing g is thus guaranteed to succeed. We can do this because otherwise the lower bound given 
in Theorem 13.25 l is < 1 and is therefore trivial. 

Definition C.3. Define m k , u = Ylv-.\v\=k \ s v,u (g)\ 
Lemma C.4. 

m kjU < (k2 k + l)(c(k + 2)(m k -i, u + + cnrn k - 2 , u + + rrik,u-2) + 2 fc m fc _i jU+ i 

Proof. Consider how the values t(V, u) are set and their contribution to M . Some sv>(<?) are fixed by 
Corollary 13.271 If so, there are three possibilities: 

1. sv, u (g) = —sv\{v},u(g) + sv,u~i(g) and s and v are 2 z ~l l/ l~"~ 1 -connected for some v G V. 

2- sv, u {g) = sv\{v},u(g) — sv,u-i(g) and v and t are 2 2_ l y l~ M_1 -connected for some v G V. 

3- s VjU (g) = sv\{ vi y >u (g) - s v \{ V2 y^ u (g) + s v \{ VltV2 y jU (g) - S v \{ vl y jU _i(g) - Sv\{« 2 },n-l(S') + sv,u-2(g) 
and there is a path of length at most 2 2 H l/ l~"~ 1 from v± to v 2 for some vi,v 2 G V 

Note that for each U, there are at most 2c different V such that case 1 or 2 holds and U = V\{v}. This gives 
a contribution of at most 2cm^_i |U . Similarly, for each U there are at most ck different V such that case 
3 holds and U = V\{v\} or U = V\{v 2 }. This gives a contribution of at most ck(mk-i :U + m k-i,u-i)- 
Finally, for each U there are at most cn different V such that case 3 holds and U = V\{vi,v 2 }. This gives 
a contribution of at most cnm(._ 2iM . 

For each V, the contribution to |sv, u (ff)| from itself is at most \sv, u -i{g)\ + \sv,u-i(g)\- Thus the total 
contribution from terms fixed by Corollary 13.27 l is at most 

c(k + 2)(m k _ 1)U + m fe _i )U _i) + cnm fc _ 2 , u + m k;U -l + mk u-2 

The values of t(V, u) which are not determined by Corollary 13 .27 1 are chosen when we use Lemma l3.28l to 
ensure that a(U, u + 1) = t(U, u + 1) for all U of size k — 1. These adjustments give a direct contribution 
of at most 2 fc mfc_ l u+1 . However, we also need to correct for the errors introduced by the terms t(V,u) 
fixed by Corollary 13.271 Each such term t(V, u) can affect a(U, u + 1) for at most k such U, so the total 
adjustment needed is at most k2 k (c(k + 2)(m&_i u + + cnm k _ 2 u + m^u-i + m k,u-2) 

Adding everything together gives 

(k2 k + l)(c(fc + 2){m k -i, u + m k -x >u -i) + cnm fc _ 2 ,« + + m kjU ^ 2 ) + 2 fc m fc _i jU+ i. □ 

Corollary C.5. m Ku < (cn)^16^ +u ^ k 

Proof. This can be proved using induction, Lemma IC4l and the assumption that n > c(z + l) 2 . □ 
Corollary C.6. If we have an upper bound bfor m&x.y u {\sy u (g)\} then 
Vk,u,EA:\A\=k(sA,u(g)) 2 < bm k,u < (cn)^lQ^ k < b(cn) §16^ 
Corollary C.7. Under the above hypotheses, m(G) > ( 
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KcJ 50(n 2 )(2^)4( z2 ) v / b 
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Proof. By Theorem IllS 

m ( G ) ^ 5oR)^/( zZb(cn "J 16( ii) = ^) 4 50(n2)( J )4(z 2 )V5 □ 

Now we just need to bound 6. 

Definition C.8. Define „ = maxy.iyi = j. {Isy^lfl 1 )!} 
Lemma C.9. & fc+ i )U _i < 4 k+u+1 

Proof. We use the same technique used to prove Lemma IC4l 

Let U be a set of vertices of size k + 1. If su,u-i(g) is determined by Corollary I3.27l then 

|su,u-i(<7)l < 26jt >u _i + + 2bk )U -2 + h+i,u-2 + h+i,u-3- 

If not, then no two distinct vertices of U U {s, t] are 2 z ~ fc ~"~ 1 -connected. Now note that there are at most 

( fc+1 ) ( .^j) possible V of size A; which would cause an adjustment of (— 1) 3+1 { ./fc+i\ ) s v>(ff) in su,u-i(g) 
33 j{ j ) 

if we used Lemma l3.28l with such that £/ C V U and there are at most such W . However, 

since 2c(z + 1) < |, for each V there are at least r^j\ possible choices for W and we split up the 

adjustments evenly among all of them. Thus, the contribution to \su, u -l(g)\ from each V for this j is at 

most (k + l)!(f) fc+1 r^pjz^i ( -/fe+n ) s v,u(g), so the total contribution for this j is at most 

3 \ j i 

, , , • /'fe + l N |r,fe + l 

y j )TTW-( k + ^"n) (fc+l-j)! (^Tlj) & V,u- „ & V> 

Summing over all j, the total contribution is at most ^—-by,u 

Again, we also need to account for the adjustments made to counteract the terms su tU -i(g) determined by 
Corollary 13.271 To do this, note that each V will be affected by at most c(k + 2) such terms and these 
contribute in the same way as sv, u {g)- Thus if su :U -i(g) is not determined by Corollary 13.27 I then 

\su,u-i(g)\ < ^-(b v ,u + ck(2bk, u -i + Z>fc-i,it-l + 2h,u~2 + frfc+M -2 + h +1,11-3)) 

Now note that n > 2czA z+1 as otherwise the lower bound in Theorem I3.25l is trivial. Using induction, we 

can show that 6fc+i >u _i < 4 k+u , as needed. □ 

This lemma gives the bound that b < 4 Z . Theorem 13 .25 I now follows easily by Corollary IC.7I □ 
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